Bo dé 6n thi vao 16p 10 Nguyén Tang Vil

DE THI VAO CHUYEN TOAN PTNK NAM 2016
Thai gian lam bai 150 phut
Bai 1. (2, 5 diém)
(z — 2y)(x +my) =m? —2m — 3
(y — 22)(y + mx) =m? —2m — 3
hé co it nhat mot nghiem (x,,y,) thoa x, > 0,y, > 0.

khi m = —3 va tim m dé

a) Giai he {

b) Tim a > 1 dé phuong trinh ax? + (1 — 2a)z + 1 — a = 0 ¢6 hai nghiém
phan biét x1, x5 thoa x% —ar;=a>—a—1.

Bai 2. (2 diém) Cho x,y 1a hai s6 nguyén duong ma % + y? + 10 chia hét

cho zy.

a) Ching minh rang z,y 1a hai s6 1¢ va nguyén t6 ciing nhau.

2+ y* + 10

LY

Bai 3.(1,5 diéem) Biét x >y >z, 2 +y+2=0va 22 +9* + 22 =6.

a) Tinh S = (x —y)?> + (z —y)(y — 2) + (y — 2)°.

b) Tim gia tri 16n nhat ctia P = |(x — y)(y — 2)(z — 2)|.

Bai 4.(3 diém) Tam gidc ABC nhon ¢6 Z/BAC > 45°. Dung cic hinh

vuong ABMN, ACPQ (M va C khac phia doi véi AB; B va @ khéc phia

doi voi AC). AQ cat doan BM tai E vi NA cat doan CP tai F.

a) Ching minh AABE ~ AACF va tit gidc EFQN noi tiép.

chia hét cho 4 va k > 12.

b) Chiing minh k =

b) Chiing minh trung diém I ctia EF 1a tam dudng tron ngoai tiép tam
giac ABC.

c) MN cat PQ tai D, cac dudong tron ngoai tiép cac tam gidc DMQ va
DNQ cat nhau tai K (K khac D), céc tiép tuyén tai B va C clia dudng
tron ngoai tiép tam gidc ABC cit nhau tai J. Ching minh cac diém
D, A, K, J thang hang.

Bai 5. (1 diém) V6i mdi sé nguyén duong m 16n hon 1, ki higu s(m) 1a
u6c nguyen duong 16n nhat ciia m va khac m. Cho s6 tu nhién n > 1, dat
n, = n va lan lugt tinh cac s6 n1 = n, — s(ny), na = ny — s(ny), ..., i1 =
n; — 8(n;),.... Chitng minh ton tai sd nguyén duong k dé nj, = 1 va tinh k
khi n = 2161417,
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Hudéng dan giai

Bai 1. (2, 5 diém)

(x —2y)(xz +my) =m? —2m — 3
(y — 2x)(y + mx) = m? —2m — 3
hé co it nhat mot nghieém (x,,y,) thoa x, > 0,1y, > 0.

khi m = —3 va tim m dé

a) Giai he {

b) Tim a > 1 dé phuong trinh az? + (1 — 2a)z + 1 — a = 0 c¢6 hai nghiém
phan biét x1, xo thoa x% —ar;=a*>—a—1.

Huéng dan a) Khi m = —3 ta ¢6 he:

(x —2y)(x — 3y) = 12 o x? — Sxy + 6y% = 12(1)

(y — 27)(y — 3z) = 12 y? — by + 622 = 12(2)
Lay (1) - (2) taco 5(y? —2?) =0 x =y, 1 = —y.
V6i z = y thé vao (1) taco 2 =6 < 1 =+6,y =6 hoic v = -6,y =
—+/6.
V6iz=—ythévio (1)tacor’ =1 r=1z=—-1. Véix=1,y=—1,
vl x = —1,y = 1.
Vay hé phuong trinh c6 4 nghiém.

e [ 2P+ (m = 2)zy — 2my? = m? — 2m — 3(1)
He c6 the viet lai { y2 + (m — 2)zy — 2ma® = m? — 2m — 3(2)
Lay (1) - (2) ta c6 (2m + 1)(y* — 2?) = 0.

-1 5 7
Xét m = > ta c6 hé tré thanh: 22 — éajy +y? + 1" 0, c6 nghiém
i V2
2 1

Xét m # 5 ta c6 x = y hodc v = —y. Truong hop x = —y khong thoa deé
bai.
Truong hop z = y, thé vao (1) ta c6 —(m + 1)a? = m? —2m — 3 =
(m+ 1)(m — 3).
Néum = —1taco (x—2y)(x—y) =0, (y—22)(y — x) = 0 c6 nghiém thda
dé bai, chi can chon v = 1,y = 1.
Néu m # —1 ta c6 22 = 3 — m dé c6 nghiém x, = y, > 0 thi m < 3. Khi
d6 phuong trinh c6 nghiem xy = v/3 — m, y, = v/3 — m thoa dé bai.

. —1
Keét luan m = 7,m: —1vam < 3.
b) Diéu kien dé phuong trinh c6 hai nghiem phan biet A = (1 — 2a)? —
4a(l —a) = 8a*> —8a+1 > 0.

,2) thoa dé bai.
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2 — 1
Theo dinh 1§ Viete ta ¢6 z1 + 9 = —

ra ar; = 2a — 1 — axs.

Két hop gia thiét ta c6 23 +axe—2a+1 = a’*—a—1 & 23+ary—a*—a+2 =
0 < ax3 + a’vy — a® —a®> +2a =0 (1).

Ma 25 13 nghiém ctia phuong trinh nén ta c6 ax3+(1—2a)zy+1—a = 0(2).
Lay (1) - (2) ta ¢6 (a®> +2a — 1)zg = a® +a> —3a+ 1, ma a > 1 nén
a?+2a—1#0,suyrazy =a— 1.

Thé vao phuong trinh (1) tac6 (a —1)*+a(a—1)—a*—a+2=0&a =
1,a = 3.

Thit lai ta nhan hai gia tria =1,a = 3.

, sSuy ra axi + ars = 2a — 1. Suy

Bai 2. (2 diém) Cho z,y 1 hai s6 nguyén duong ma 2+ y? + 10 chia hét
cho zy.

a) Chiing minh rang z,y 1a hai s6 1& va nguyén t6 cing nhau.

2+ y* + 10

b) Ching minh k =
y

chia hét cho 4 va k > 12.

Huéng dan a) Gia st trong hai s6 o,y ¢c6 mot s6 chn, vi vai tro z, y nhu

nhau nén c6 thée gid st = chin. Suy ra z? + y? + 10 chia hét cho 2, suy ra

y chan. Khi d6 22 + 2 + 10 chia hét cho 4, suy ra 10 chia hét cho 4 vo 1y.

Vay trong hai s6 déu 1a s6 18.

Datd= (z,y), v =d.2',y = d.y tacé 22 +y*+ 10 = d*(2’* +y*) + 10 chia

hét cho d?z'y’. Suy ra 10 chia hét cho d?. Suy ra d = 1. Vay z, y nguyén to

cung nhau.

4m*+m+n*+n+3
(2m+1)(2n+1)

4,(2m+1).(2n+ 1) nguyeén t6 cung nhau. Suy ra m?+n?+m +n+ 3 chia

hét cho (2m +1)(2n + 1). T d6 ta ¢6 k chia hét cho 4.

Chting minh £ > 12 bang hai cach.

Cach 1: Ta c6 22 + y* + 10 = kay.

Néu trong hai s6 z,y ¢6 mot sd chia hét cho 3, gid st  chia hét cho 3. Ta

c6 y? + 10 chia hét cho 3 vo 1y vi %2 chia 3 du 0 hozc du 1.

Vay z,y khong chia hét cho 3, suy ra 2? + y?> + 10 chia hét cho 3 va 3, zy

nguyén t6 ciing nhau. Do d6 k chia hét cho 3.

Do d6 k chia hét cho 12, vay k > 12.

Céch 2: Xét k =4 ta c6 2% + y> + 10 = day(x) & (x — 2y)? = 3y* — 10.

b) Dit t =2m + 1,y =2n+ 1, suy ra k = , ta co
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Ta c6 (z — 2y)? chia 3 du 0 hodc 1 ma 3y* — 10 chia 3 du 2, nén phuong
trinh (*) khong c6 nghiem nguyén duong. Xét k = 8 ta c6 22 + 3> + 10 =
8xy(x) & (v — 4y)? = 15y — 10.

Ta c¢6 (x — 4y)? chia 3 du 0 hodc 1 ma 15y — 10 chia 3 du 2 nén (**) khong
¢6 nghiém nguyén duong.

Vay k > 12.

Bai 3.(1,5 diém) Bist e >y >z, 2 +y+2=0va 22 +9*> + 22 = 6.
a) Tinh S = (x —y)?> + (z —y)(y — 2) + (y — 2)°.
b) Tim gia tri 16n nhat ctia P = |(x —y)(y — 2)(z — 2)|.

Huéng dan a) Ta c¢6 (v +y + 2)2 = 22 + y> + 22 + 2(xy + yz + x2). Suy
ra xy +yz +xz = —3.
TacoS=(z—y)?+@—y)ly—2)+@y—2)7°=2>—-2zy+y*+ay —y* +
yz —wz+yt -2z + 2=+ P+ 2 —yr —yzr — 22 =09.

Ta c6 (x—y)(y—Z)Sé((x—y)“r(w—y)(y—2)+(y—2)2)23- Suy ra
P <3|z —z|.

Ta 6 v — 2| < /2(22+22) < /2(22 +y2+22) = V12. Suy ra P <
3v/12 = 6+/3. Déng thitc xay ra khi:z::\/g,y:(),z:—\/g.

Vay gi4 tri 16n nhat cia P 1a 6v/3 khiz =3,y =0,2 = —V/3

Bai 4.(3 diém) Tam gidc ABC nhon ¢6 Z/BAC > 45°. Dung cac hinh
vuong ABM N, ACPQ (M va C khac phia ddi véi AB; B va @ khac phia
doi voi AC). AQ cat doan BM tai E vi NA cat doan C'P tai F.

a) Ching minh AABE ~ AACF va tit gidc EFQN noi tiép.
b) Chiing minh trung diém I ctia EF la tam dudng tron ngoai tiép tam
giac ABC.

c) MN cat PQ tai D, cac duong tron ngoai tiép cac tam giac DMQ va
DNQ cét nhau tai K (K khac D), cac tiép tuyén tai B va C clia duong
tron ngoai tiép tam giac ABC' cit nhau tai J. Chiing minh cac diém
D, A, K, J thing hang.

Huéng dan
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a) Ta c6 LZEAB+ Z/BAC =90°, L/FAC + ZBAC = 90°. Suy ra ZEAB =
/FAC. Mat khac ¢c6 LZABE = ZACF = 90°. Suy ra AABE ~ AACF.
Suy ra AE.AC = AF.AB ma AC = AQ,AB = AN. Suy ra AE.AQ =
AN.AF. Suy ra tit giac QN EF nai tiép.

b)Cach 1: Goi T 1a giao diém ctia M B va CP. Ta c6 ABTC nai tiép va
AT 13 duong kinh ctia dudng tron ngoai tiép tam gidc ABC. Mat khac ta
c6 AF||ET, AE||FT nén AETF 13 hinh binh hanh. Suy ra trung diém EF

www.toanlll.com ) 163/24/77 To Hién Thanh. DD: 0983130298



Bo dé 6n thi vao 16p 10 Nguyén Tang Vil

ciing 13 trung diem AT. Do d6 trung diém I ctia EF la tam dudng tron
ngoai tiép tam giac ABC.

Céch 2: Xét hinh thang AEBF, goi X 1a trung diém ctia AB khi d6 IX
thudc dudng trung binh ctia hinh thang, suy ra I X||BFE hay I X vudng goc
AB vay IX la trung truc ciia doan AB. Chtng minh tuong ti thi [ cling
thuoc trung tryc doan AC. Vay I 1a tam ngoai tiép cuia tam giac ABC.
¢) DA cét EF tai K' ta c6 ZNFK' = ZNQA (vi NQFFE noi tiép). Ma
/NQA = ZNDA(vi AQDN noi tiép). Suy ra /NDA = ZAFK'. Suy ra
NDFK' noi tiép. Chitng minh tuong tu ta c6 DQK'FE nai tiép. Do d6 K’
la giao diém ctia dudng tron ngoai tiép hai tam giac DQM va DPN. Vay
K' = K. Suy ra D, A, K thang hang.

Ta ¢6 /BKE = /FEAB = L/CAF = ZCKF. Suy ra ZBKC = 180° —
2/BKFE =2(90° — /EAB) = 2/BAC = /BIC. Suy ra BKIC nai tiép.
Ma IBJC noi tiép, suy ra va JB = JC nén /BKJ = ZCKJ. Hay KJ 1a
phan giac LBKC.

Mat khac /BKA = 180° — ZAEB = 180° — ZAFC = ZAKC'. Suy ra tia
doi clia tia K A ciing 14 phan giac cia ZBKC. Do d6 A, K, J thing hang.
Vay 4 diém D, A, K, J thang hang.

Bai 5. (1 diem) V6i mdi s6 nguyén duong m 16n hon 1, ki higu s(m) 1a
u6c nguyen duong 16n nhat ctia m va khac m. Cho s6 tu nhién n > 1, dit
ne, = n va lan lugt tinh cac sd ny = n, — s(ny),n2 = Ny — s(n1), ..., N1 =
n; — s(n;),.... Chiing minh ton tai s6 nguyén duong k dé ny = 1 va tinh k
khi n = 2161417,

Huéng dan Ta c6 s(n;) < n;, suy ra n; — s(n;) > 1. Suy ra n;.1 > 1. Do
domn; >1v6imoii=1,2,....

Mit khéc n;p = n; — s(n;) < m; v6i moi i. Suy ra n = n, > ny > ng >
>

Néu khong ton tai ny, dé n; = 1 ta xay dung dude day vo han cac s6 nguyén
duong giam va nhé hon n (vo 1y) vi s6 cac s6 nhd hon n 14 bang n — 1.
Vay ton tai & sao cho ng = 1.

Véi n = 2161417 — 93 717 ta 6 ny = 2B717 — 932717 — 932 717

Ng — 231.717.

Tiép tuc ta c6 ngz = 7'7.

Dit m, = 7'7 ta c6 my = 6.7, my = 3.7'% my = 2.7'6 my = 7'°. Tuong
tur ta co mg = T, meg = 70 = 1.

Vay k =33 + 68 = 101.
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Nhan xét

+L0oi giai trén chi 1a ¥ kién chii quan, khong phai dap an, duge thyc hién
trong thoi gian ngin, néu cé sai so6t xin gép y dé dinh chinh qua email
nguyentangvu@gmail.com

+ Dé nam nay nhin chung 14 khé, do phiic tap vé mit tinh toan ciing
nhiéu, vi thé sé tén nhiéu thoi gian khi lam bai.

+ Céc cau cho diém thi it chi c¢6 3a, la ¥ giai hé, 4a.

+ Cac cau con lai c6 do khé cao va tén nhiéu thoi gian suy nghi.

+ Diém toan chuyén nam nay chic sé thap, nhitng ban lam dudc 5 diem
cling phai giéi va nam ving kién thic.

+ Chtic cAc em may man & cAc mon sau.
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